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A central feature of the most elementary rotating black hole (BH) solution in general relativity is the Kerr
bound which, for vacuum Kerr BHs, can be expressed either in terms of the Arnowitt-Deser-Misner (ADM)
or horizon “charges.” However, this bound is not a fundamental property of general relativity and
stationary, asymptotically flat, and regular (on and outside an event horizon) BHs are known to violate the
Kerr bound, in terms of both their ADM and horizon quantities. Examples include the recently discovered
Kerr BHs with scalar [C. A. R. Herdeiro and E. Radu, Phys. Rev. Lett. 112, 221101 (2014)] or Proca hair
[C. Herdeiro, E. Radu, and H. Runarsson, arXiv:1603.02687]. Here, we point out the fact that the Kerr
bound in terms of horizon quantities is also violated by well-known rotating and charged solutions which
are known in closed form, such as the Kerr-Newman and Kerr-Sen BHs. Moreover, for the former we
observe that the Reissner-Nordström (RN) bound is also violated in terms of horizon quantities, even in the
static (i.e., RN) limit. By contrast, for the latter the existence of charged matter outside the horizon allows
for a curious invariance of the charge-to-mass ratio between the ADM and horizon quantities. Regardless of
the Kerr bound violation, we show that in all cases the event horizon linear velocity [C. A. R. Herdeiro and
E. Radu, Int. J. Mod. Phys. D 24, 1544022 (2015)] never exceeds the speed of light. Finally, we suggest a
new type of informative parametrization for BH spacetimes where part of the asymptotic charge is
supported outside the horizon.
DOI: 10.1103/PhysRevD.94.024006
I. INTRODUCTION
This year (2016) marks the 100th anniversary of the
Schwarzschild solution [1]. This is the simplest exact black
hole (BH) solution of general relativity, and it is para-
metrized solely by its massM. Adding electric charge Q or
angular momentum J to the Schwarzschild solution yields
the Reissner-Nordström (RN) or Kerr spacetimes, respec-
tively (see, e.g., Refs. [2,3]). In either case, these elemen-
tary solutions have a bound in their parameter space. There
is a maximum amount of charge or angular momentum for
a given mass (in units whereG ¼ c ¼ 1 ¼ 4πϵ0, to be used
throughout):
qE≡ jQjM ≤ 1 for RN; j≡
jJj
M2
≤ 1; for Kerr; ð1Þ
when such bounds are violated, the spacetime describes a
naked singularity rather than a BH.
A natural question is, how fundamental are these bounds
in BH physics? (See Ref. [4] for a recent related discussion
about the Kerr bound.) On the one hand, it is well known
that these bounds are violated by physical objects outside
the scope of strong gravity. For instance, the RN bound is
violated by an electron and the Kerr bound is violated by
any rotating macroscopic object, in both cases by many
orders of magnitude. Within the scope of strong gravity, on
the other hand, it is reasonable to expect that gravitational
collapse can only yield a BH if the dominant interaction is
attractive; thus, too much (one-sided) electric charge or
rotation has the potential to prevent such a collapse into a
BH. This reasoning therefore suggests that the total charge
or angular momentum should be bounded by the total
energy/mass in a BH spacetime, a suggestion that is
vindicated by the bounds (1) found at the level of the
exact solutions.
In this paper we point out that the situation can actually
be more interesting in terms of horizon quantities, which
are reviewed in Sec. II. Our motivation comes from the
recently discovered Kerr BHs with scalar [5,6] or Proca [7]
hair, wherein part of the spacetime energy and angular
momentum is stored outside the horizon in a “matter” field,
and the Kerr bound can be violated at the level of both
ADM and horizon “charges.” This situation will be
reviewed in Sec. III, where we consider an informative
parametrization for these spacetimes to make explicit the
division of conserved charges between the horizon and the
exterior region. Motivated by the violation of the Kerr
bound in terms of horizon quantities that occurs in these
examples, we ask whether this is due to the “hairiness” of
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these spacetimes, i.e., due to the matter that exists outside
the horizon in equilibrium with the BH, and which is
associated to an independent, locally conserved charge, but
not to a Gauss law (primary hair).
To tackle this question, in Sec. IV we examine two
families of rotating BHs known in closed form, where part
of the spacetime energy and angular momentum is also
stored outside the horizon. These are the well known Kerr-
Newman [8] and Kerr-Sen [9] BHs. The former is “bald”;
the latter can be seen as possessing a type of secondary hair
(see, e.g., the review [10]), since there is a scalar field
outside the horizon, but which is not associated to an
independent scalar charge. We observe that, despite the fact
that the Kerr bound is never violated in terms of ADM
quantities for these solutions, it is indeed violated in terms
of horizon quantities. Moreover, for the Kerr-Newman
family, the RN bound is also violated in terms of horizon
quantities, even in the static limit. Thus we face the curious
situation that the RN bound is violated by RN BHs, in
terms of horizon quantities. For the Kerr-Sen case, by
contrast, the RN bound is not violated and we point out a
curious invariance of the charge-to-mass ratio. Finally, we
discuss the fact that—even though the Kerr bound is
violated—all of our examples obey a different bound on
the rotation: the linear horizon velocity bound proposed in
Ref. [4]. Some final remarks are made in Sec. V.
II. HORIZON VS ASYMPTOTIC QUANTITIES
In a stationary and axisymmetric spacetime, the Killing
symmetries allow a quasilocal definition of energyMS and
angular momentum JS in a volume bounded by a codi-
mension-two spacelike surface S. These quantities are
given in terms of Komar integrals, which in four spacetime
dimensions take the form [2,3]
MS¼−
1
8π
I
S
dSμνDμtν; JS¼
1
16π
I
S
dSμνDμϕν; ð2Þ
where tν and ϕν are the timelike and rotational Killing
vectors, respectively, and dSμν is the surface element,
dSμν ¼ 2n½μlν
ﬃﬃﬃﬃﬃﬃ
−g
p
dΩ; ð3Þ
where nμ and lν are the timelike and spacelike vectors
normal to the surface.
Taking S as a round 2-sphere at spatial infinity, S2∞, for
an asymptotically flat spacetime, these quantities become
the ADM ones ðMS; JSÞ→ ðM; JÞ; on the other hand,
taking S as a spatial section of the event horizon, H, these
quantities become the horizon mass and angular momen-
tum ðMS; JSÞ → ðMH; JHÞ. An application of Gauss’
theorem relates these two sets of quantities [2]:
M ¼ MH − 2
Z
Σ
dSμ

Tνμtν −
1
2
Ttμ

;
J ¼ JH þ
Z
Σ
dSμ

Tνμϕν −
1
2
Tϕμ

; ð4Þ
where Σ is a spacelike surface, bounded by S2∞ and H. For
Ricci flat spacetimes, M ¼ MH and J ¼ JH; for a non-
vacuum BH spacetime, in general, these quantities differ.
To measure this difference, we have found it useful to
define
p ≡ MH
M
and q ≡ JH
J
; ð5Þ
corresponding to the fractions of ADM mass and angular
momentum which are stored inside the horizon.
The electric charge can be computed by the covariant
form of Gauss’ law:
QS ¼
1
8π
I
S
dSμνFμν: ð6Þ
The asymptotic charge Q is obtained by taking S ¼ S2∞,
whereas the horizon charge QH is obtained by taking
S ¼ H. These two quantities are related by applying again
Gauss’ theorem:
Q ¼ QH þ
1
4π
Z
Σ
dSμDνFμν: ð7Þ
Thus, as expected, the two charges may differ when there
are sources to Maxwell’s equations outside the horizon.
III. NUMERICAL SPACETIMES:
HAIRY KERR-BHS
We consider Einstein’s gravity minimally coupled to a
massive complex scalar field Ψ or to a massive complex
vector (i.e., Proca) field A. The action, including the two
types of matter fields, is
S ¼ 1
4
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p ½R − 2ð∂αΨ¯∂αΨþ ∂αΨ∂αΨ¯þ 2μ2Ψ¯ΨÞ
− ðF αβF¯ αβ þ 2μ2AαA¯αÞ; ð8Þ
where F ¼ dA, μ is the mass of both the scalar and the
Proca field, and an overbar denotes a complex conjugate.
Nonextremal Kerr BHs with scalar [5] or Proca [7] hair
have been found with the ansatz1
ds2 ¼ −e2F0ðr;θÞNðrÞdt2 þ e2F1ðr;θÞ

dr2
NðrÞ þ r
2dθ2

þ r2sin2θe2F2ðr;θÞ½dφ −Wðr; θÞdt2; ð9Þ
1Note that the Kerr metric can be written in this form [6].
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where NðrÞ ≡ 1 − rH=r, and rH—the radial coordinate of
the event horizon—is a constant. The “matter” ansatz, on
the other hand, is
Ψðt; r; θ;φÞ ¼ e−iωtþimφϕðr; θÞ ð10Þ
for the BHs with scalar hair [5] and
Aðt; r; θ;φÞ ¼ e−iωtþimφfi½Vðr; θÞdtþH3ðr; θÞ sin θdφ
þH1ðr; θÞdrþH2ðr; θÞdθg ð11Þ
for the BHs with Proca hair [7]. The two constants ω,m are
the frequency and azimuthal quantum number, ω ∈ Rþ,
m ∈ Z=f0g. The four unknown metric functions plus the
scalar profile function/the four Proca potential functions
solve a set of nonlinear partial differential equations and
are determined numerically [6,7].2 In Fig. 1(a) we display
the distribution of Kerr BHs with scalar hair in a q ≡ JH=J
vs p ≡ MH=M diagram (shaded blue region). The top right
corner is a degenerate limit corresponding to the vacuum
limit (all corresponding Kerr solutions), whereas the bottom
left corner corresponds to the (also degenerate) solitonic
limit (scalar boson stars [11]). The black solid line corre-
sponds to q ¼ p2 and one can see that there are hairy BHs
above it, corresponding to solutions that have a dimension-
less horizon angular momentum, jH ≡ JH=M2H, greater
than the dimensionless ADM angular momentum,
j ≡ J=M2. In Fig. 1(b) we exhibit a j, jH vs q diagram,
where one can clearly see that there are solutions violating
the Kerr bound both in terms of ADM and horizon
quantities. For Kerr BHs with Proca hair the corresponding
diagrams are qualitatively similar; as such we will not
present them here.
IV. CLOSED-FORM SOLUTIONS: CHARGED
KERR-BHS
A. Kerr-Newman
The Kerr-Newman BH [8] is a solution to the Einstein-
Maxwell theory, described by the action
S ¼ 1
4
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p ðR − FμνFμνÞ; ð12Þ
where R is the Ricci scalar, the Maxwell field strength is
Fμν ≡ ∂μAν − ∂νAμ, and Aμ is the Maxwell 4-potential.
The corresponding Einstein-Maxwell equations are
Rμν −
1
2
gμνR ¼ 2

FμαFνα −
1
4
gμνFαβFαβ

;
DνFνμ ¼ 0: ð13Þ
The Kerr-Newman configuration describes a BH with
ADM mass M, ADM angular momentum per unit mass
a ¼ J=M, and electric charge Q, and in Boyer-Lindquist
coordinates [12] ðt; r; θ;ϕÞ it reads
ds2 ¼ −Δ
Σ
ðdt − asin2θdϕÞ2 þ Σ

dr2
Δ
þ dθ2

þ sin
2θ
Σ
½adt − ðΣþ a2sin2θÞdϕ2; ð14Þ
and
FIG. 1. (a) Fraction of angular momentum in the horizon q vs fraction of the mass in the horizon p. The solutions above the black solid
line have a horizon dimensionless angular momentum larger than the ADM one. (b) Dimensionless ADM j (light shaded area), and
horizon jH (light plus dark shaded area) angular momentum vs fraction of the angular momentum in the horizon q. In both panels, the
dotted green line corresponds to extremal Kerr BHs with scalar hair.
2So far, no BHs with both scalar and Proca hair have been
found, although these are likely to exist. The previously men-
tioned solutions have either scalar or Proca hair, but not both.
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Aμdxμ ¼ −
Qr
Σ
ðdt − asin2θdϕÞ; ð15Þ
where
Δ ≡ r2 − 2Mrþ a2 þQ2; Σ ≡ r2 þ a2cos2θ: ð16Þ
To address horizon quantities, we must use a regular
coordinate system on the horizon, which is not the case for
Boyer-Lindquist coordinates. Thus, we introduce the coor-
dinate transformation
dv ¼ dtþ Σþ a
2sin2θ
Δ
dr and dψ ¼ dϕþ a
Δ
dr;
ð17Þ
which yields the Kerr-Newman metric in ingoing
Eddington-Finkelstein-type coordinates,
ds2 ¼ −Δ
Σ
ðdv − asin2θdψÞ2 þ 2drðdv − asin2θdψÞ
þ Σdθ2 þ sin
2θ
Σ
½adv − ðΣþ a2sin2θÞdψ 2: ð18Þ
B. Kerr-Sen
The Kerr-Sen BH [9] is a solution to the low-energy
effective field theory of the heterotic string, compactified
on a 6-torus. In the string frame, the corresponding four-
dimensional action is
S ¼ 1
4
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃ
−G
p
e−Φ
×

R −
1
12
HμνρHμνρ þ Gμν∂μΦ∂νΦ − 1
8
FμνFμν

;
ð19Þ
where Φ is the dilation field, and the Neveu-Schwarz field
strength 3-form Hμνρ is defined as Hμνρ ¼ 3∂ ½μBνρ−
3A½μFνρ=4, in terms of the Neveu-Schwarz 2-form potential
Bμν, and the Maxwell field strength Fμν and potential Aμ.
Gμν is the string-frame metric; it is related to the Einstein-
frame metric gμν as gμν ¼ e−ΦGμν. Performing this con-
formal transformation, together with the rescalingsΦ→ 2Φ
and Aμ → 2
ﬃﬃﬃ
2
p
Aμ [13], one obtains the following Einstein-
frame action:
S ¼ 1
4
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p 
R − 2∂μΦ∂μΦ − e−2ΦFμνFμν
−
1
12
e−4ΦHμνρHμνρ

: ð20Þ
In terms of the rescaled fields, the 3-form Hμνρ becomes
Hμνρ ¼ 3∂ ½μBνρ − 6A½μFνρ. The equations of motion
obtained in the Einstein-frame are
□Φ ¼ − 1
2
e−2ΦFμνFμν −
1
12
e−4ΦHμνρHμνρ;
Dρðe−2ΦFρμÞ ¼ −
1
2
e−4ΦHμνρFνρ; ð21Þ
Dαðe−4ΦHαμνÞ ¼ 0;
Rμν −
1
2
gμνR ¼ TðDFÞμν þ TðEMÞμν þ TðNSÞμν ; ð22Þ
where the dilaton field, electromagnetic, and Neveu-
Schwarz field energy-momentum tensors are
TðDFÞμν ¼ 2

∂μΦ∂νΦ − 1
2
gμν∂ρΦ∂ρΦ

;
TðEMÞμν ¼ 2e−2Φ

FμρFνρ −
1
4
gμνFρσFρσ

;
TðNSÞμν ¼ 1
4
e−4Φ

HμρσHνρσ −
1
6
gμνHρσλHρσλ

: ð23Þ
Observe, in particular, from the second equation in Eq. (21)
that the Neveu-Schwarz field (and the dilaton) act as sources
for the Maxwell field. This is in contrast to the Einstein-
Maxwell theory above, where there are no sources for the
Maxwell field, as can be seen from the Maxwell equations
in Eq. (13).
The Kerr-Sen configuration solves these equations of
motion, and in Boyer-Lindquist coordinates ðt; r; θ;ϕÞ it is
given by [13]
ds2 ¼ −Δ
0
Σ0
ðdt − asin2θdϕÞ2 þ Σ0

dr2
Δ0
þ dθ2

þ sin
2θ
Σ0
½adt − ðΣ0 þ a2sin2θÞdϕ2; ð24Þ
Aμdxμ ¼ −
Qr
Σ0
ðdt − asin2θdϕÞ;
Φ ¼ − 1
2
ln

Σ0
Σ0 − br

;
Bμνdxμ ∧ dxν ¼ 2asin2θ brΣ0 dt ∧ dϕ; ð25Þ
where
Δ0 ≡ r2 − 2Mrþ a2 þ br ¼ Δ −Q2 þ br;
Σ0 ≡ r2 þ a2cos2θ þ br ¼ Σþ br; b ≡ Q
2
M
; ð26Þ
whereQ is the electric charge measured at infinity andM is
the ADM mass [13].
Again, a regular coordinate system on the horizon is
achieved by the coordinate transformation
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dv¼ dtþΣ
0 þa2sin2θ
Δ0
dr and dψ ¼ dϕþ a
Δ0
; ð27Þ
which yields the line element
ds2 ¼ −Δ
0
Σ0
ðdv − asin2θdψÞ2 þ 2drðdv − asin2θdψÞ
þ Σ0dθ2 þ sin
2θ
Σ0
½adv − ðΣ0 þ a2sin2θÞdψ 2: ð28Þ
We remark that the line elements of the Kerr-Newman
metric (14) and (18), as well as their coordinate trans-
formation (17) and the gauge potential (15), are inter-
changed with those of the Kerr-Sen metric [Eqs. (24) and
(28)] and the corresponding coordinate transformation (27)
and 1-form gauge potential (25), by interchanging (see,
e.g., Ref. [14])
ðΣ;ΔÞ↔ ðΣ0;Δ0Þ ¼ ðΣþ br;Δ −Q2 þ brÞ: ð29Þ
C. Horizon and asymptotic quantities
We now specialize the physical quantities of Sec. II to the
Kerr-Newman and Kerr-Sen solutions. To compute the
horizon quantities, the timelike and spacelike vectors are
nμdxμ ¼

1 −
a2sin2θ
Σþ a2sin2θ

dr;
lνdxν ¼ −dvþ
a2sin2θ
2ðΣþ a2sin2θÞ dr ð30Þ
for Kerr-Newman, and the same expression with Σ → Σ0
for Kerr-Sen. Then
MH ¼
	
−
MðΣþ a2sin2θÞ
2
Z
π
0
Σ0 − 2r2
Σ2
sin θdθ


r¼rH
ð31Þ
for Kerr-Newman, and the same expression for Kerr-Sen
with the interchange Σ↔ Σ0. Performing the integral and
using
rH ¼ M þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2 −Q2 −
J2
M2
r
ð32Þ
for Kerr-Newman and
rH ¼ M −
Q2
2M
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M −
Q2
2M

2
−
J2
M2
s
ð33Þ
for Kerr-Sen, one obtains for these two cases, respectively,
MH ¼ M

1 −
Q2
2MrH

1 −
Q2
arH
arctan

a
rH

ðKerr-NewmanÞ; ð34Þ
MH ¼ M

r2H þ brH=2
r2H þ brH
−
Q2r2H
aðbrH þ r2HÞ3=2
arctan

aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
brH þ r2H
p  ðKerr-SenÞ: ð35Þ
Proceeding similarly for the horizon angular momentum, one arrives at
JH ¼ J

1 −
Q2
2MrH
	
1þ Q
2
2a2

1 −
a2 þ r2H
arH
arctan

a
rH


ðKerr-NewmanÞ; ð36Þ
JH ¼ J

r2H þ 3brH=4
r2H þ brH
þ brH
4a2
−
Q2Mr3H
a3ðbrH þ r2HÞ3=2
arctan

aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
brH þ r2H
p  ðKerr-SenÞ: ð37Þ
Finally, for the horizon charge, one finds
QH ¼ Q ðKerr-NewmanÞ; ð38Þ
QH ¼ Q

r2H þ brH=2
r2H þ brH
−
Q2r2H
aðbrH þ r2HÞ3=2
arctan

aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
brH þ r2H
p  ðKerr-SenÞ: ð39Þ
Using Eqs. (32) and (33), together with a ¼ J=M and b ¼ Q2=M, all these quantities can be expressed in terms of
ðM; J;QÞ only, for either case.
Observe that, for both solutions,
lim
Q→0
MH ¼ M; lim
Q→0
JH ¼ J; lim
Q→0
QH ¼ 0;
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as expected. As another consistency check, we verify the
Smarr formula [15], written solely in terms of horizon
quantities [3], which is obeyed by both Kerr-Newman and
Kerr-Sen BHs:
MH − 2ΩHJH ¼
κAH
4π
; ð40Þ
where ΩH is the angular velocity of the horizon, κ is the
surface gravity, and AH is the area of the spatial sections of
the event horizon. For the Kerr-Newman solution,
ΩH ¼
a
r2Hþa2
; κ¼ rH−M
r2Hþa2
; AH ¼ 4πðr2Hþa2Þ:
With these results and Eqs. (34) and (36) it is easy to
prove that both sides of the Smarr formula (40) giveﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2 − a2 −Q2
p
. For the Kerr-Sen solution,
ΩH ¼
a
r2H þ a2 þ br
; κ ¼ r
2
H − a2
4MrH
;
A ¼ 4πðr2H þ a2 þ brÞ:
These results, together with Eqs. (35) and (37), show
that both sides of the Smarr formula (40) giveﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðM þ b=2Þ2 − a2
p
.
1. Analysis of horizon quantities
Let us now analyze the results obtained in the previous
section. Starting with the familiar Kerr-Newman case, a
curious feature is obtained even in its static limit (RN).
Then, Eq. (34) reduces to
MH ¼ M −
Q2
rH
: ð41Þ
The horizon mass MH is always smaller than the ADM
mass M, as expected from the fact that the electric field
outside the horizon carries energy. The former decreases
monotonically from MH ¼ M for an uncharged BH to
MH ¼ 0, for an extremal BH. This behavior is clearly seen
in Fig. 2(a).
Since for the RN BH there is no charge outside the
horizon,QH ¼ Q and an immediate consequence is that the
dimensionless quantity
qðHÞE ≡ jQHjMH ¼
qEﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − q2E
p ð42Þ
becomes larger than unity. Actually, it diverges as extrem-
ality is approached. In other words, the Reissner-Nordström
bound is violated in the Reissner-Nordström solution, in
terms of horizon quantities.
To analyze the more general Kerr-Newman family we fix
M ¼ 1 and vary Q, J. Then we have the following.
(i) For fixed but nonzero J, the horizon mass MH
decreases with increasing Q (similarly to the case
with J ¼ 0) because a part of the energy is transferred
into the electric field outside the horizon [Fig. 2(a)].
The horizon angular momentum also decreases: the
growing outside electromagnetic field carries a larger
fraction of the total angular momentum.
(ii) For fixed charge Q, when we increase the angular
momentum J the horizon angular momentum nat-
urally also increases, but the horizon mass decreases.
Concerning the Kerr bound, we recall that the existence
of an event horizon in the Kerr-Newman metric requires
q2E þ j2 ≤ 1, which in particular implies the Kerr bound
j ≤ 1. In terms of the horizon quantities, however, this
bound is strongly violated. This is shown in Figs. 3(a)–3(b).
Observe that for Q ¼ 0, JH ¼ J and MH ¼ M and hence
the bound is valid. For Q > 0, the bound is violated for
sufficiently large values of J, but which obey j ≤ 1.
Now we turn to the Kerr-Sen BH. As with the Kerr-
Newman case, let us start by considering the static limit,
where one finds a dilatonic charged BH. First, analyzing
FIG. 2. Horizon mass and angular momentum for a Kerr-Newman BH in terms of its asymptotic angular momentum and charge.
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FIG. 3. (a) Three-dimensional and (b) two-dimensional contour plots of jH ≡ JH=M2H for the Kerr-Newman BH. This quantity
becomes larger than unity for sufficiently large charge and angular momentum.
FIG. 4. Horizon mass and angular momentum for a Kerr-Sen BH in terms of its asymptotic angular momentum and charge.
FIG. 5. (a) Three-dimensional and (b) two-dimensional contour plots of jH ≡ JH=M2H for the Kerr-Sen BH. This quantity becomes
larger than unity for sufficiently large charge and angular momentum.
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Eq. (33) we observe that the analog to the RN bound is now
Q2=M2 ≤ 2 (but which violates the standard RN bound).
Moreover, the extremal limit of the static BH is singular,
i.e., the areal radius of the horizon vanishes in the extremal
limit. Then, from Eqs. (35) and (39), and using Eq. (33), we
have
MH ¼ M

1 −
Q2
2M2

; QH ¼ Q

1 −
Q2
2M2

: ð43Þ
One concludes that both the horizon mass and charge
vanish in the extremal limit. This is consistent with the fact
that the horizon area also vanishes in this limit. But one also
observes the curious feature [which in fact extends to the
general Kerr-Sen BH family, as can be seen from Eqs. (35)
and (39)] that
QH
MH
¼ Q
M
: ð44Þ
Thus, the Kerr-Sen charge-to-mass ratio asymptotic bound
is not violated by the horizon quantities.
In Figs. 4(a)–4(b) and 5(a)–5(b) we produce plots
for the Kerr-Sen BH that are analogous to the ones in
Figs. 2(a)–2(b) and 3(a)–3(b) for the Kerr-Newman BH.
The qualitative behavior of all quantities is similar, but
observe that the charge in the Kerr-Sen case can vary up toﬃﬃﬃ
2
p
. In particular, the Kerr bound can also be violated in
terms of horizon quantities [Figs. 5(a)–5(b)].
The violations of the Kerr bound in terms of horizon
quantities for Kerr-Newman and Kerr-Sen BHs can be also
appreciated in terms of the fraction of horizon angular
momentum in Fig. 6. One can appreciate a clear similarity
in the behavior of the horizon quantities with that seen for
hairy BHs [Fig. 1(b)]: violations are stronger when a larger
fraction of the angular momentum is outside the horizon.
But in contrast with the case of hairy BHs, the ADM
dimensionless angular momentum never exceeds unity.
In Fig. 7, we exhibit the p-q diagram for Kerr-Newman
and Kerr-Sen BHs. This diagram shows that, in contrast
with hairy BHs, the charged BHs always have a larger (or
equal in the vacuum Kerr limit) horizon dimensionless
angular momentum, as compared to the asymptotic one. In
both the Kerr-Newman and Kerr-Sen cases, p and q reach
one, corresponding to the vacuum limit. But none of these
solutions extend to p, q ¼ 0, since there is no solitonic
limit, unlike in the case of hairy BHs.
We now observe that, despite the (unlimited) violations
of the Kerr bound, there is still a bound on the rotation. It
FIG. 6. Dimensionless ADM j (light shaded area) and horizon jH (light plus dark shaded area) angular momentum vs fraction of the
angular momentum in the horizon q for (a) Kerr-Newman BHs and (b) Kerr-Sen BHs. In both panels, the green dashed (red solid) line
corresponds to jH (j) for extremal solutions.
FIG. 7. p-q diagrams for Kerr-Newman (light grey) and Kerr-
Sen (dark blue) BHs. Unlike the case of Kerr BHs with scalar
hair [Fig. 1(a)] all solutions here have larger (or equal, in the
vacuum Kerr limit) jH than j and exist along a narrow ribbon
on this diagram. The green dashed line corresponds to extremal
solutions.
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was suggested in Ref. [4] that a meaningful linear horizon
velocity could be defined in the following way, for a
stationary, axisymmetric BH. On the spatial sections of the
event horizon one should compute the proper length L of
the orbits of the Uð1Þ Killing vector field. Choosing the
maximum of such proper lengths Lmax, which typically
occurs at the equator, one defines the circumferential radius
as R ¼ Lmax=2π. The horizon linear velocity is simply
vH ¼ RΩH; ð45Þ
where ΩH is the angular velocity of the horizon. It was
then conjectured in Ref. [4] that for stationary, axisym-
metric, asymptotically flat, four-dimensional BH
solutions, vH ≤ c, where c is the velocity of light, with
the equality attained only for vacuum Kerr. In Refs. [4]
and [7] we have verified this conjecture for BHs with
scalar and Proca hair. Here we note that for the Kerr-
Newman and Kerr-Sen solutions one can get explicit
expressions for vH, which read, in terms of the asymp-
totic charges,
vH ¼
J
Mð2MrH −Q2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4M2 − 2Q2 þQ2 2J
2 þM2Q2
J2 þM2Q2 − 2M3rH
s
ðKerr-NewmanÞ; ð46Þ
vH ¼
J
MrH
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
J2þMrHðQ2−2M2Þ
J2−2M3rH
s
ðKerr-SenÞ; ð47Þ
where the corresponding rH is defined in Eqs. (32) and
(33). In Fig. 8 we have plotted vH in terms of the
asymptotic electric charge and angular momentum. As
can be observed, the linear velocity bound is verified and
equality is only attained for vacuum extremal Kerr.
V. REMARKS
In this paper we have pointed out that well known (in
closed form) asymptotically flat, charged rotating BH
solutions in four spacetime dimensions violate the Kerr
bound in terms of horizon quantities. Furthermore, the Kerr-
Newman BH family even violates the RN bound in terms of
the horizon quantities, in particular in the static limit, when it
reduces to the RN solution. Whereas the computation of
these horizon quantities is an exercise that can be found in
general relativity textbooks (see, e.g., Refs. [2]), the obser-
vation that they yield violations of thesewell-known bounds
has not, to the best of our knowledge, been explicitly made.
Moreover, there is still some widespread belief that these
bounds play a fundamental role in BH physics, and whereas
counterexamples are known, these are often numerical
[5,7,16,17] or exotic solutions [18,19]. It is thus pedagogical
to see that these violations also occur at the level of closed-
form, nonexotic (i.e., four-dimensional, asymptotically flat,
regular on and outside a horizon) solutions, albeit (for the
examples herein) for horizon quantities only.
Our motivation for this investigation arose mainly from
recent work on Kerr BHs with scalar [5] and Proca [7] hair,
which are four-dimensional, asymptotically flat BH sol-
utions regular on and outside an event horizon and wherein
violations of the Kerr bound occur for both ADM and
horizon quantities. The former are connected to the
existence of a solitonic limit—scalar boson stars [11] or
Proca stars [20]—and to the violation of the ADM Kerr
bound by those solitonic configurations.3 One could then
wonder whether the violations in terms of horizon
FIG. 8. Horizon linear velocity for (a) Kerr-Newman and (b) Kerr-Sen BHs. It never exceeds unity (the speed of light).
3Violations of the Kerr bound in terms of ADM quantities were
found also for a set of BHs of the dilaton Gauss-Bonnet extension
of general relativity [17,21]. In the absence of a solitonic limit in
that case, this feature can be attributed to the existence of regions
with a negative effective energy density [21].
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quantities are related to the existence of some matter
outside the horizon for these hairy solutions, which is in
equilibrium with the BH; this matter, moreover, is an
independent quantity (primary hair). In this respect, an
interpretation put forward in Refs. [4,19] is that the
existence of matter outside the horizon effectively increases
the moment of inertia of the BH, since it has to “drag” a
heavy environment, and thus,more dimensionless angular
momentum is permitted within the horizon. The BH
horizon, however, does not rotate “too fast,” as suggested
by the computation of the horizon linear velocity.
The examples herein show that these violations in terms
of horizon quantities can occur even without “matter”
outside the horizon. Indeed, we have observed these
violations both for “bald” solutions (Kerr-Newman) or
solutions that can be interpreted as having secondary
(nonindependent scalar) hair (Kerr-Sen). Even though there
is no matter outside the horizon, there is certainly energy
(e.g., electromagnetic). Thus, one may conclude that, in
accordance with the elementary principles of relativity,
dragging energy like dragging matter takes its toll: it
effectively increases the moment of inertia of the rotating
BH, and the horizon’s ability to carry more specific angular
momentum, without rotating too fast.
Finally, we remark that the investigation in this paper is
within classical general relativity. At the quantum level,
recent work on BH soft hair (starting with Ref. [22])
discussed the existence of horizon conserved charges and
the possible impact on the BH information loss problem.
This reinforces the notion that investigating horizon con-
served quantities may lead to new insights into BH physics.
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